ON THE INTEGRATION OF THE DIFFUSION EQUATION
WITH BOUNDARY CONDITIONS(*)

BY
R. S. PHILLIPS

1. Introduction. The purpose of this paper is to integrate the diffusion
equation

(1.1) u, = Lu, t>0,
(0, x) = f(x)

where

(1.2) Lu = e(x)"[(¢*(®)u,); + (b¥(x)): + c(2)u)

and x ranges over a domain A in the real m-dimensional Euclidean space Rn;
here the summation convention is used, the subscript 7 denoting differentia-
tion with respect to the sth component of x. All coefficients are assumed to be
real-valued. On imposing boundary conditions of the type

(1.3) o(z)[a"i(x)u; + b*(x)u] + r(x)u = 0,

the initial-value problem is shown to have a unique positivity preserving
solution; here a® =a%n‘, b»=>b'n' (the n’ being components of the outer nor-
mal to A), ¢, 720, and 02472=1. Solutions in the form of strongly continuous
semi-groups of positive operators (see [4]) are obtained in the L, spaces over
A with weight factore, 1=p =2,

The one-spatial variable L, problem has been treated in a definitive
fashion by W. Feller [2]; for an L; treatment of this case in the spirit of the
present paper the reader is referred to [11]. The study of the several-spatial
variable problem from the point of view of semi-groups of operators was
initiated by K. Yosida. He established the existence of positivity preserving
solutions in L, for the diffusion equation on a compact Riemannian space
without boundaries [12; 13]. A semigroup solution for the boundary value
problem (1.3) was first obtained by S. Ito [5] by means of the fundamental
solution for (1.1) and (1.3). This method has the advantage of not requiring
growth conditions of the coefficients at infinity. However, concomitant with
this is the disadvantage of there being several possible extensions of the differ-
ential operator (1.2), defined on smooth functions satisfying the boundary
conditions (1.3), which generate semi-group solutions. Ito does not give a
direct characterization of the domain of the infinitesimal generator for the
semi-group whose existence he establishes.
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Our approach is entirely different from that of Ito, being based on a com-
bination of the theory of dissipative operators as developed by the author
[10; 11] and the theory of symmetric positive differential operators with local
boundary conditions due to K. O. Friedrichs [3]. Actually a simplified version
of Friedrichs’ work, available in a paper by P. D. Lax and R. S. Phillips [6],
suffices for our purposes. We are able to treat the diffusion equation over an
unbounded domain A whose boundary A contains a compact set of edges,
while imposing only mild conditions on the smoothness and growth of the
coefficients. As regards the boundary conditions (1.3), we assume merely
that ¢ and 7 are of class C! on A except perhaps on the above mentioned edges
where they need not even be continuous. Our conditions on the smoothness
of the coefficients and the boundary are roughly one order of differentiability
less than the corresponding conditions of Ito and in addition we permit edges
where Ito does not. Under these hypotheses we are able to characterize the
domain of the infinitesimal generator of a strongly continuous semi-group
solution of positive contraction operators [S(t)] in the L, (1<p <2) settings.
In the L, case we show that S(#) has an analytic extension in ¢ into the sector
—w/4<arg t<w/4. Throughout our development we have avoided the deli-
cate problem of the smoothness of the solution near the boundary. Instead
there is a heavy reliance on the existence of a strong solution for the equation
ANu—Lu=f, A>0.

A few words about the nature of a semi-group solution to (1.1) are perhaps
in order at this point. A one-parameter family of bounded linear operators
[S(t); t=0] on a Banach space 9 is called a strongly continuous semi-group
of operators if

() S(h+t)=St)S(t), &, 8220,

(ii) S(#)y is continuous in t=0 for each y in 9.

The infinitesimal generator A of the semi-group [S(¢)] is defined by

(1.4) lim ![S(t)y — y] = Ay
1—-0+

with its domain ©(4) consisting of all ¥ in Y for which this limit exists. It
can be shown that A4 is a closed linear operator with dense domain and that
for y in ©D(4)

(1.4) dS()y/dt = AS(D)y = S(t) Ay, 12 0.

This, then, is the sense in which the function S(¢)y satisfies a differential equa-
tion of the form (1.1) with L replaced by A. Given a closed linear operator 4,
suppose (A\] —A) is one-to-one with range equal to all of §). Then \ is said to
belong to the resolvent set of A and the inverse of (\] —A) is called the re-
solvent operator of 4 at \ and is denoted by R(\; 4).

The Hille-Yosida theorem [4, Theorem 12.3.1] states that a closed linear
operator A with dense domain generates a strongly continuous semi-group of
contraction operators if and only if
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(1.6) | RO\; 4)| = /A, A> 0.

The corresponding semi-group operators will be positive if and only if the
resolvent operators R(\; A), A>0, are positive [4, Theorem 11.7.2]. In the
special case where ) is a Hilbert space with inner product (y!, ¥%) a somewhat
simpler criterion applies. A linear operator on a Hilbert space is called dis-
sipative if :

(1.7 (4y,9) + (9, 4y) =0, y € D(4),

and maximal dissipative if it is not the proper restriction of any other dis-
sipative operator. If 4 is maximal dissipative with dense domain (4 is neces-
sarily closed), then A>0 belongs to its resolvent set and R(\; 4) is of norm
<1/\ (see [10]). As a consequence, a maximal dissipative operator with
dense domain generates a strongly continuous semi-group of contraction oper-
ators on a Hilbert space.

In the first part of this paper dealing with the Lj,-theory we proceed to
define the operator L of (1.1) so that it is maximal dissipative and then by a
study of the resolvent R(\; L) we show that the associated semi-group of
operators is positive and has an analytic extension. In the second part of the
paper which is concerned with the L;-theory, the L,-results are adapted so as
to verify (1.6) and the positivity of the resolvent for the smallest closed L;-
extension of the largest L-restriction of the above defined Lj-operator L. The
corresponding result for L, (1<p<2) is then an immediate corollary of the
preceding L; and L, developments.

2. Hypotheses and results. In order to simplify the statements of our re-
sults we now list the essential hypotheses which will be needed in the following
development. In general it will be found that the unprimed conditions are
required in the Ls-theory whereas their primed counterparts are required in
the L;-theory.

H,; (DoMAIN CONDITIONS). The domain AC R, need not be bounded. How-
ever, except for points belonging to a compact subset F of the boundary A, to each
xE A there is a neighborhood patch N. which maps into a hemisphere

E (2 <1 and x>0,

with the boundary portion of the patch mapping into x™=0. This map and its
inverse is assumed to be one-to-one and of class C* on N.NA. To each xEF,
there 1is a neighborhood patch N, which maps into a polyhedron, the boundary
portion of N, going into the faces of the polyhedron. This map and its inverse is
assumed to be one-to-one and of class C* in N,MNA except perhaps along the
edges of the polyhedron where they need only be of class C.

H; (COEFFICIENT SMOOTHNESS CONDITIONS). The coefficients e, a¥, and b’
are continuous and piecewise of class C* on A and c is piecewise continuous on A.

H{ . The coefficients e, a', and b are of class C* on A and c is of class C° on
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A. In addition ¢ and the first partials of e, a¥, and b’ are Holder continuous on
compact subsets of A.

H; (D1sSIPATIVE CONDITION). For each x €A the coefficient >0, the matrix
(a¥) >0, the matrix

¢ b7
@.1) ( . ) <0
bt —at
and the matrix
—c 0 0
2.2) ( ‘ ) < K(e )
0 a% 0 a¥

for some constant K. The matrices represented in (2.1) and (2.2) are in blocks,
the upper left being 1 X1 and the lower right being m Xm.

REMARK. Condition (2.1) can sometimes be satisfied if ¢(x) is replaced by
¢'(x) =c(x) —w. This has the effect of changing S(f) from a contraction oper-
ator to an operator of bound less than or equal to exp(w?). Setting

@(x) = maximum eigenvalue of (a%(x)),

(2.3) . : .
a(x) = minimum eigenvalue of (a*/(x)),

3] (@) = [ @),
it is readily seen that (2.1) and (2.2) will be satisfied if
—caz |b|? and |c¢| = Ke, x € A;
on the other hand (2.1) implies
(2.4) —caz |bl

H, (GROWTH CONDITIONS ON THE COEFFICIENTS). Selting r*= Y (x%)?, the
coefficients satisfy the conditions

l b| /e= 0(')7
a/e = 0(r?),
| 8] /(ae'?) = O(1), asr— o (2).

| 5] /e = O(r/log 7),
a/e = O([r/log r]?),
[ 8] /(ae') = 0(1),

e and | a;j| /e = 0(@*  for some k, asr— o (2).

(*) In the presence of Hj, it is clear that the condition on |b| /e is implied by the condition
on &/e.
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Hs (BOUNDARY CONDITIONS). The factors o and T are of class C on A except
perhaps along F.

We denote the space of measurable complex-valued functions over A with
inner product

oo = [ la)y(e) o)t

by Li(A, e), and the space of measurable complex-valued functions over A
with norm '

|y =fAe<x)|y<x>|dx

by Li(A, ). Each of these spaces has a natural positive cone, namely the real
non-negative valued functions in the respective spaces.

We now give two equivalent definitions for the operator L of (1.2) with
boundary conditions (1.3) as an operator on Ly(A, €).

DEFINITION 2.1 (WEAK DEFINITION OF L). A function u with strong first
partials satisfying

(2.5) f[el u l’ + aiuuy)dx < o
A
is contained in D(L) if and only if there exists an fELy(A, €) such that

[ iz = [ {al@n - 2000+ e+ Bhel”
(2.6) A A

+ uiloiipi — atig; — b'p] }dax
for all smooth vector-valued functions (¢, ¥*) with bounded support and which
satisfy the boundary condition
(2.7 o(a™y — bng) + 16 = 0, x €A

In this case Lu=f.

DEFINITION 2.2 (STRONG DEFINITION). A function u with strong first par-
tials satisfying (2.5) is contained in D(L) if and only if there exists a sequence
of smooth vector-valued functions {(y”, v*)} with bounded support such that

(i) o(arv™*+b*u*)+ru*=0,xEA,

(ii) wk—u in Ly(A, e), (faa¥(uy —us) (45— u;)~dx—0),

f a¥i(v®* — u,)(v* — u;)~dx — 0,
A

@)+ 20 W) = B + (e — b)u ] > Lu in LA, o).
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THEOREM 2.1. Under the hypotheses Hy, H,, Hs, Hy, and H;, Definitions 2.1
and 2.2 define the same operator L on Ly(A, e).

THEOREM 2.2. Under the hypotheses Hy, Ha, H;, Hy, and Hs, the operator L
defined as in Definitions 2.1 and 2.2 is maximal dissipative with dense domain in
Ly(A, €) and generates a strongly continuous semi-group of positive contraction
operators [S(t)] which has an analytic semi-group continuation throughout the
sector —m/4<arg t<m/4.

The corresponding operator in Ly(A, €) which we denote by K is defined as
follows.

DEFINITION 2.3. Let L denote the operator in Ly(A, e) defined by Definitions
2.1 and 2.2, and set

Kou = Lu,
D(Ko) = [u; u and Lu in Li(A, €) N Ly(4, é)].

The operator K is the smallest closed extension of Ko considered as an operator in
Ll(A, 8).

THEOREM 2.3. Let ¢=sup[c(x)/e(x); xEA]. Under the hypotheses Hy, H{
H;, H{, and Hy, the operator K of Definition 2.3 is the infinitesimal generator of
a strongly continuous semi-group of positive operators [S(t)] in Li(A, e) with
[S(t)l <exp(é).

CoROLLARY. Let K, denote the smallest closed extension of K, considered
as an operator in Ly(A, €). Then for 1 <p <2, K, is the infinitesimal generator
of a strongly continuous semi-group of positive operators [S(t)]in L,(A, e) with

| S@)| =exp[(2/p—1)et].

3. The L,-existence theory. In this section we prove that the operator
L is maximal dissipative with dense domain by employing the results of
[6; 11]. The assertion of Theorem 2.1 turns out to be a by-product of this
development.

We proceed as in [11] and study a first order differential operator M whose
retract is L. The domain of M consists of all complex vector-valued functions

y=(u, v!, - - -, v™) which are piecewise smooth on A, have bounded support,
and satisfy the boundary condition
3.1) o(a*v' 4+ bu) + ru = 0, x € A.

The operator M is then defined as
(3.2) My = E7[(4%): + By),

where
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e 0 2% a*i
E= D) Ak = )
0 a¥ a%* 0

and

We further define

2% —bi
3.4) D=B+B*+Ai=( ¢ )
—bt —2a%

Making use of (2.1) it is readily verified that

00
(3.5) Pi=(, ,)S-ED;

this corresponds to condition (4.2) of [11].
We also introduce the Hilbert space L:(A, E) of complex vector-valued
functions with inner product defined as

(3.6) (3 2) = f (B, )iz,

where for y= (%) and 2= ({*) we have (y, 2) =9, Obviously M can be con-
sidered an operator in Ly(A, E) and it is clear that D(M) is dense in this space.

LEMMA 3.1. Under the hypotheses Hy, H,, H;, Hy, and Hg, the smallest closed
extension of M, say M, is maximal dissipative with dense domain.

Proof. The assertion of the lemma is essentially that of [6, Theorem 3.2].
However two things need be checked: (i) the boundary conditions (3.1) must
be shown to be sufficiently smooth; and (ii) the set F together with the point
at infinity must be shown to be unessential in the sense of [6, §5].

We first consider the boundary conditions. Setting

Ar = Aknb

. (26" a"’)
"\ 0 )’

which is obviously of rank two. A simple calculation shows that the boundary
condition fills out a maximal negative subspace relative to the quadratic form
(A"y, v) at each point of A. Moreover A" can be defined in the interior of the

we see that
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transformed boundary patch to be of constant rank by setting A*=A™. The
only other requirement in the proof of [6, Theorem 3.2] is that in each
boundary patch disjoint from F there exist a rotation y= Uz of class C! such
that the null space of 4" fills out the last m—1 components of z and the
boundary conditions become {*=0. Now in the original y-coordinate sys-
tem, the null space of A" is spanned by vectors ¢ which have a zero first
component and which are orthogonal to (0, ¢!, - - -, a™™). Since the a*’ are
of class C! it is clear that we can construct (at least locally) m —1 orthogonal
vectors ¢2(x), - - -, ¢™(x) of class C* which span this null space. Writing

= (1,0,---,0),
12 = a1(0, a*, - - -, @) with o= ), (a™)?
we now define ¢°(x) and c!(x) by
[a20? + (ab™ + 7)2]1%° = (ob" + 7)0! + aov?,
[a%? 4+ (ob™ + 7)2]V2%! = — aov! + (ob™ + 7)0%.

Since ¢?+72=1 it is clear that [a?¢?+ (gb"+7)2] can never vanish and hence
that ¢®(x) and c!(x) are also of class CL. Finally we note that the matrix with
ith column equal to ¢ satisfies the required conditions for the rotation U.

In order to show that M is essentially maximal dissipative it suffices to
show that the adjoint operator M* is dissipative. Thus given sED(M*), we
construct a sequence of real-valued smooth scalar functions {¢'} as follows:
¢’=1 at points of A which are at a distance >1/» from F and <v from the
origin; ¢’=0 at points which are at a distance <1/(»+1) from F and
>v+1 from the origin; ¢’ is smoothly extended elsewhere so that near F its
gradient is less than 2»* and elsewhere its gradient is less than 2. It is clear
that ¢’z2ED(M*) and since this function is of bounded support and vanishes
near F, the argument used in [6, Theorem 3.2] shows that

(M*¢*z, $'2) + (¢°2, M*¢’z) — (D¢'z, $"z) = 0

for v sufficiently large. Consequently M* will be dissipative if it can be shown
that

(M*z, z) + (3, M*3) — (D3, 2)
= lim [(M*¢’z, ¢'2) + (¢'z, M*¢'2) — (D¢, ¢'2)];

v— 00

3.7

this, incidentally, is what is meant by FU{ © } being unessential. Now
Mz, #2) + (87, M*¢72) — (Do, %9)
= [((¢")?M*3, 2) + ((¢")%2, M*3) — ((¢")?D3, 2)] — 2(¢*¢7 A7, 3).

The bracketed expression in the right member of (3.8) obviously converges
to the left member of (3.7). Hence (3.7) will be verified if it can be shown that

(3.8)



70 R. S. PHILLIPS [January

3.9) liminf | (¢'¢;4’s, 5)| = 0.

Vo

Suppose on the contrary that

(3.10) | @'6;4’5,5)| 2e>0
for v sufficiently large. Set

A.1,= [#;z€ 48, v<r<v+1],
A:= [x;x €A, (v + 1)_1< Ix—FI <v-!],
Ay = [x; 2 € A, r < 2 diameter of F].

Now ¢; vanishes off of AJ\UAZ. On A} we have

Wosa's iz s 2 [ [10] 181+ | o8| lan
A,l Avl
<2 f [(l bl /e)e| g-olz + z(a/e)llz(ai:‘g-i?i)ln(el §’°|’)”’]dx
Ay

s 2sup [[0] /e] [ ol eolias+ 2sup layel [ o] 2 + ot
a) A A} a)

Hence if we employ the growth estimates H, we obtain

3.11) I f (¢'¢;A’z, 2)dx| S Kw f (Es3, 2)dx.
A, A

As regards a A? estimate, we note that it is clear from the form of M* that {°
is strongly differentiable on A,. Thus the argument employed in [6, §5] shows

that
1/2
<K [vlogv f I veo |2 f (Es, z)dx] .
Ay A”

3.12) ‘ f (¢'¢;Aiz, z)dx

A
Combining the inequalities (3.10), (3.11), and (3.12) we have for sufficiently
large »

12
es K, {v (Ez, z)dx + [w logv | (Esz, z)dx] } .
A} A}

Hence either

1
3 vV

€
Ez, z)dx =
fA,‘< ) 2K

or
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1

viogy

2
(Ez, 5)dx 2 [—e—]
A} 2K,

and it follows that

2 1
f(Ez,z)dxgmin[ ‘ ’( ¢ )]Z = o,
A 2K; \2K; viogy

which is contrary to z belonging to L.(A, E). This concludes the proof of
Lemma 3.1.
An analogous argument applies to the adjoint operator

Nz = E'[—(4%); + (D — B)z]

with domain consisting of all complex vector-valued functions

z=(u, v!, - - -, v™) which are piecewise smooth in A, have bounded supports,
and satisfy the boundary condition
(3.13) o(a™vi + bu) — ru = 0, x € A.

It follows that &V is maximal dissipative. On the other hand the general theory
of dissipative operators (see [10]) implies that M* is also maximal dissipative.
Since N is clearly a restriction of M*, it follows that N = M*. This proves

COROLLARY. Under the hypotheses Hy, Hy, Hs, Hy, and Hg, the operator N
is maximal dissipative with dense domain, N = M*, and M = N*,

Proof of Theorem 2.1. We now obtain the operator L as a retract of M.
To this end we define the projection operator

(1 0
P1= )
00

associated with the subspace 41 of Ly(A, E) having all but the first coordinate
function identically zero. Clearly h; is equivalent with L,(A, €). We next de-
fine the restriction M’ of M by

D) = [y; y € DM), My € hi],
and the retraction of M to h;, which we denote by M"’, as
DM") = [Pry; y € D(M')], M"Pry = M'y.

We note that yED(M) belongs to D(M’) if and only if u is strongly differ-
entiable and v =, for each 7. Because of (3.5) we have

(My,y) + (3, My) = fA (A"y, y)dS + f (Dy, y)dx
(3.14) *

<[ Dy, 5 = (Py ).
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This holds as well for 7 so that condition (4.1) of [11] is valid. This being so,
it is proved in [11] that M" is maximal dissipative with dense domain in ;.
Moreover it is obvious that L as defined in Definition 2.2 is precisely M"’.
On the other hand M = N* implies that L= (N*)". However this is just the
definition of L as given in Definition 2.1. This completes the proof of Theorem
2.1 and shows, incidentally, that L is maximal dissipative with dense domain
in Ly(A, €).

REMARK. In view of (3.14) we see that M+ P,/2 is dissipative and hence
that

LSS L SO S T
2 ! T2 2 °?

has an inverse of bound 2 (see [10]). Actually M + P,/2 is maximal dissipative
since if it had a proper dissipative extension, say R, then R— P,/2 would be a
proper dissipative extension for M, contrary to M being maximal dissipative.
It follows that the range of (Py/2— M) is all of Ly(A, E).

4. L,-positivity. As stated in the introduction, a necessary and sufficient
condition for the semi-group of operators generated by L to be positive is
that the resolvent R(\, L) be positive for A sufficiently large. The positivity
part of Theorem 2.2 therefore requires that we prove

LEMMA 4.1. Suppose the conditions Hy, He, Hs, Hy, and H; are satisfied and
let L be the operator defined as in Definition 2.2. Then R(\, L) is positive for all
A>0.

Proof. Let f=0 in Ly(A, ¢) be given. Then since L is maximal dissipative
with dense domain, for each A >0 there is a unique « €D (L) with

4.1) A — Lu = f.
The function # will be real-valued since otherwise its real part would serve

as well, contrary to the uniqueness of #. We must show that % is almost
everywhere non-negative. Let

4.2) Ay = [2; 2 € A, u(x) < 0].

Setting y=(u, v, - - -, v™) where v*=u,, it is clear from the proof of Theorem
2.1 that yED(M') CD(M). We shall first show that

(4.3) My, y)a, + (3, My)a, £ 0.

To this end we define the function p(s) of class C? on the reals to the reals
such that p(s) =1 for s< —1, p(s) =0 for s=0, 0=p'(s) =2 and set

w(x) = p[ru(x)], x € A.
We see that

wi = vp' [vu]u
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and since this vanishes for #(x) £ —1/» and u(x) 20, we have

(4.4) |u] |oi] =2|ul.

The functions «” have strong first partials with u. Let y*= (u*, v%*) approx-
imate y in the sense of Definition 2.2. Then

((w')zM}"‘; yk) + ((w')zyk) Myk) = [(M")'y") w'yk) + (“’, ’M""yk)]
s vk » k vk s rk
— [(dwy,0y) + @y, dwy)].
It is clear that w’y* satisfies the boundary condition (i) of Definition 2.2 along
with y*. Thus if w” were continuously differentiable an integration by parts
would shows that the first bracket expression on the right is nonpositive. How-
ever, since w” is strongly differentiable, it can be approximated by smooth
functions in such a way that the corresponding bracket expression will also

converge to a nonpositive limit. Next passing to the limit as k tends to «, we
get

Y 2 v 2 —_— [ 4 v L
(0) My, 9) + (@) y, My) = = [(Awiy, 09) + (09, 4w)].
We proceed to estimate the terms in the right member.

v.i v 2 v ij v

[(A‘w:y,wvy)l éZf['wbw;u| + lwa w,-u,-u|]dx
a

< 4f [| biuin| + | a¥iusu;| Jdx
—1/v<u<0

by (4.4). Making use of condition H; we see that

(a¥iuu)V/? | b|

——1/7 l e”zul § K[e| u[” + a"'u;uj]
€

| biuan| =
and therefore

| (Aiw:y, w'y) [ S4K+1) e] ul’ + aiiuu;]dx.

—1/¥<u<0

Since (y, y) < =, it is clear that this expression tends to zero with 1/». On
the other hand —w” tends boundedly to the characteristic function of A,.
Hence

(y, y)as + (3, My)a, < lim — [(4'0iy, 0'9) + @, 4'wig)] = 0.

We recall that Lu is the first component of My, the other components vanish-
ing identically. As a consequence (4.1) implies
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2)‘| “lio = 2)‘| ulio - [(Hy’ ¥)a, + (o, ﬂy)do] = (fy #)a, + (#,)a, =0

since # <0 and f=0 on A,. This proves that A, is of measure zero and hence
that # =0 almost everywhere in A.

5. L,-analyticity. All parts of Theorem 2.2 have been established except
for the analyticity of the semi-group of operators generated by L and we now
proceed to make up for this deficiency. The general pattern of our argument
follows a proof due to K. Yosida [15] for a very much restricted initial-value
problem of this type. Basic to the proof is the following lemma.

LeMMA 5.1. Suppose the conditions Hy, Ha, Hs, Hy, and Hj are satisfied and
let L be the operator defined as in Definition 2.2. Then

(5.1) | [ + i) — Llu| Z 272+ | v])] 4],
for all u&D(L) and real u, v with u>0.

Proof. Suppose that « €D(L) and set y= (%, v’) where v¥=u;. Then as we
have seen in §3, yED(M). If y were smooth with a bounded support then

(PMy, 3) = f (%t + bu)adS
(5.2) :
_f laiiviur + biuur — bi(u; — v)a — ¢| u|?]dz.
A

Now the vector-valued functions in the approximating sequence {y"} of
Definition 2.2 are smooth with bounded support and since each y* satisfies
the boundary conditions we have

f (amiv* + b*u*)u* dS < 0.
A

Further, My*—(Lu, 0, - - -, 0), (u*, ut)—(u, u;), and (u*, v*)—(u, u;) all
in the Ly(A, E) topology. Since by Hj Icl =<Ke and by H,

b .
| buau| < % (@¥iuas) V(e | w|)V2 < Kla¥ium; + e| ul?),

we obtain, on replacing y by »* in (5.2) and passing to the limit as k tends to

@,

(5.3) (Lu, u) +f (a¥iusu; + bluur — cl ul"’)dx <0.
A

Applying condition H;s we see that
re[2b%uus]| < aiuiu; — c| ul?,

so that for u>0,
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1
rm@+wM—u%wguuP+7fhwm=ﬂ4ﬂ%x
A

On the other hand,

| im(Lu, ) | = Iim{—fAb‘uu."dx}

and hence

1
s — f le'ina; — c| u|2]dx
2Ja

| im([(u + )1 — Llu,u)| = |v| | |2 = %f lo¥iuas — c| u|?]dx.

Combining these estimates we have

22| ([ + )1 — L]u, )|
2 |re([(u + 91 — Llu, u| + |im([ + 9 — L], u|
z @+ [v])|uf

which clearly implies (5.1).

The analyticity of S(f) for t>0 now follows from a result due to K.
Yosida [14]. However, we can do somewhat better and show that S(f) is
actually analytic in the sector —w/4<argt<mw/4. Since L generates a
strongly continuous semi-group of contraction operators, it is known (see
[4, Theorem 11.5.2]) that the resolvent set of L contains the right half plane.
Hence Lemma 5.1 implies

| R + iv; L) < 22 + | »] ), for u > 0.
We can now continue R(\; L) into the left half plane by analytic continuation.
In fact, for |[N—i»| <2-/2|»| we have (see [4, Theorem 5.83 and 5.91])
R(\; L) = 2 (iv — N [R(iv; D) ]+
ne=0

form which it follows that
| RO L) | s 2v2(|w| — 212| A — i)

This inequality can be given a simple geometric meaning. Let 2 denote the
sector 3r/4 <arg A=<5n/4. Then the above estimate gives for each \ outside
of 2

| R(\; L)| < 2v2/d(\)

where d(\) is the distance from A to Z. It now follows directly from [4,
Theorem 12.8.1] that S(¢) is analytic in the sector —w/4 <arg ¢t <w/4.
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Combining this result with the material in §§3 and 4 we obtain a proof
of Theorem 2.2 in its entirety.

6. L,-theory. The previous material can be adapted so as to provide us
with a positivity preserving solution to (1.1) with the boundary conditions
(1.3) in the space Li(A, ). We show first of all that a sufficiently large subset
of D(L) lies in Ly(A, e). If A is bounded this is no problem since all of D(L)
is then contained in L,(4, €). However, for unbounded A we require a slightly
more stringent growth condition on the coefficients than Hy in order to obtain
the desired result.

LEMMA 6.1. Suppose the conditions H,, Hy, Hs, H{, and Hy are satisfied and
let L be the operator defined as in Definition 2.2. For fixed A\21/2 and u€D(L)
suppose that f=Au— Lu has a bounded support. Then u and Lu lie in Li(A, ).
Further setting ¢*=1 for r<k, ¢*=1—(r—k) for k<r<k+1, and ¢*=0 for
r=k+1, then ¢*ucD(L) and

6.1) [¢*u, Le*u] — [u, Lu] in Ly(4, €) X Li(A, ¢).

Proof. Let yE (u, v) with v*=u;and let F=(f,0, - - - ,0). Then yED(M")
and if 0 is any ultimately constant smooth scalar-valued function, then it is
readily verified using the approximating sequence {y”} of Definition 2.2 that
6yED(M) and in fact that

(6.2) Moy = 6My + 0;4°y.

Suppose that the support of f is contained in the sphere r <r,. We define a
family of such 6 functions as follows:

o(r) =1, r S 1o,

6.3 2y(r~!log r)6 rnsr=
(6.3) doy/dr={7( g, S 7S,
’ Véf,

where ¥ is a positive constant to be determined presently. For r >r, we see that

(r) = lim 6*(r) = K exp[vy(log r)?].

y— o

In order to avoid working with the unbounded 6, we make use of the 6”'s
and at an appropriate time pass to the limit.
Now

| @i4y, 6|

i rv 1/2 [
<) (@08) . | 50| .
=< ————(ativi (@) ) V22| | + ———— e|0’u| dx.
ro<lr<v el b

Applying condition H{ together with (6.3) we see that v can be chosen suffi-
ciently small so that
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(6.4) | (B:A‘y, fy)| = % | O'yl;, v > ro.
On the other hand (6.2) implies

(x —~ -;—) Poy+ [% P’y — Ha'y] =0F — 6,4y
and making use of (3.14) and the subsequent remark, we see that

0y, 6'y) < (OF, 6y) + @y, 6F) — [(6:4"y, O'y) + (6'y, 6:4°)].

Since 6"F=F, the estimate (6.4) gives |6"y|2<4| F|,. Passing to the limit as
v tends to infinity we obtain the basic inequality

(6.5) | 8y|2 < 4] Fla

As a first consequence of (6.5) we have

1/2
f le] ] + (@%vsr) "]z = { f [e| ou]® + a‘fov‘(ov’)"]dx}
4 A

A e

which is finite by virtue of (6.5) and the fact that 6 increases faster than any
power of 7. Thus in particular ¥ EL,(4, e) and it is obvious that ¢*u—u in
Li(A, ). Moreover

(6.6)

L¢ku = )\qbku - ¢kf + e—l[Zaijcﬁﬁuj - b‘q&:u + aﬁq)f,ﬁ + a,':icﬁfu].

It is clear that the first two terms on the right converge to A and f, respec-
tively, in the L;(A, e¢) metric. Hence (6.1) will be proved if we show that the
bracket term tends to zero in L;(4, ¢). Now

[ Va5 [ i)y
A A

a e 3 12
< f — —2dx f 0%a'iu,uidx .
k<r<it1 € 0 k<r<k+1

Both of the integrands in the right member are integrable over A, the first
because of H; and the definition of 6, the second because of (6.5). It follows
that the left member tends to zero with 1/k. Likewise

ik | b| 2 . \ 1/2
|b¢.~uldx§ —) —dx c|0uldx
A k<r<kt1 \ € 6* k<r<k+1

tends to zero with 1/k. Again ¢j=0(r"") so that

6.7)
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ik a 2
f|a¢.~,~uldx§[f —-0"’dxf elﬂul’dx] .
A k<r<k+1 € k<r<k+1
Finally

) ¥ 1/2
f | a;-idal:ul dx [ f -I—adﬂ‘zdx el 0u|’dx:| .
A k<r<k+1 4 k<r<k+1

Applying H{ we see that the last two terms in the bracket also tend to zero
with 1/k in Ly(A, e). This completes the proof of Lemma 6.1.

The previous lemma will be used to show that the range of W\ —L) fills
out L;(4, ¢). Another essential ingredient is a bound for A\ —L)~!. To obtain
such a bound it suffices to consider only non-negative functions in D(L). The
following lemmas supply the necessary estimates for the bound of A\ —L)-1,

LEMMA 6.2. Suppose that conditions Hy, Hy, H;, H{ and Hg are satisfied
and let L be the operator defined as in Definition 2.2, If N\21/2, if u€D(L) s
non-negative, and if f=Nu—Lu has bounded support, then

6.8 Luds < ¢ | euds,
(6.8) fume udx cfAe x
where ¢=sup [c(x)/e(x); xEA].

Proof. Setting y= (u, v¥) where v’ =1u,, we see by Definition 2.2 that there
exists an approximating sequence {*} of smooth real vector-valued functions
with bounded support satisfying the boundary conditions and such that

[y*, My*] = [y, My]  in Ls(4, E) X Ly(4, E).

Given the sequence {¢’} of smooth scalar functions defined as in Lemma 6.1,
it is clear that

lim [¢s%, Me'y*] = [¢7y, M¢7y]  in Ly(4, E) X Lo(4, E).

Since each ¢” has a bounded support, it follows, in particular, that the first
component of M¢ry* converges in Li(A, e). Now the first component of
Moy is

Py = ¢ [(a67)i + 266w — 5o + (c — b)gu]
= Le'u — ("gju); + bomm.

We have already shown in the proof of Lemma 6.1 that the last two terms on
the right tend to zero in L;(A, €) as »— . Consequently lim, P;M¢”y = Lu in
Ly(A, e) and it therefore suffices to show that
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(6.9) lim lim eP\M¢ry* S ¢ f eudx.
A

Voo k—owo u>0

We now define the function p(s) of class C? on the reals to the reals such
that p(s) =0 for s=<0, p(s) =1 for s=1, and 0=p’(s) 2 elsewhere. Setting

w(x) = p(uu(x)),

we see as in the proof of Lemma 4.1 that wi*=pup’ (uu*)uf and

(6.10) || |wit| < 2| u].

An integration by parts gives

f e(PiM¢*y*)wkdx = f ¢’ (ariv* + bru*)w*dS
A A

_ f {as‘j¢vvjkw;:k + bs‘¢vukw?k _ (bs‘¢vub)'wnk

A

+ b‘tﬁ"u‘kw'dc + b:td;ukwmc - c¢’ukw“k}dx.
We show first of all that the surface integral is nonpositive. In fact, w*(x) =0
whenever #*(x) £0 and hence in particular at points of A at which ¢=0. At
those points of A at which ¢#0 and #*>0, we see from the boundary condi-
tions that (av*+4bu*) <0. Since ¢’ and wk* are each non-negative, this
proves that the surface integral is nonpositive.

We may now pass to the limit as k— «. The volume integrals cause no
difficulty and making use of the fact that v¥*—u,, we get

f e(PiM¢ry)wrdx < — f up' (wu)p*a‘iuudx + f cp uwdx
A A A
+ f b‘¢:uw"dx — f b‘qsvuw:dx,
A A

where we have set w*(x) =p(uu(x)). Now the first integral on the right is
clearly nonpositive. The second integral is less than or equal to ¢f¢’euw*dx.
As in the proof of Lemma 6.1, the third integral tends to zero with 1/»,
uniformly in u. Finally because of (6.10) the last integral is bounded by

2 || ¢ | Vu| dx
0<u<l/u
and hence goes to zero with 1/u. Further we note that w* converges boundedly

to the characteristic function of the set [x; x€A, u(x) >0]. Thus passing to
the limit, first with respect to p and then » we obtain
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lim eP\M¢'ydx = lim lim | e(P1M¢"y)wrdx < ¢ f eudx,
A A

ryr—o® >0 r—® p—oo

which was to be proved.

Lemma 6.2 is not quite strong enough since it omits consideration of the
set on which % vanishes. We have been able to get around this by requiring
an additional smoothness condition on the coefficients.

LEMMA 6.3. Suppose condition Hi s satisfied and let L be the operator de-
fined as in Definition 2.2. If uED(L) and f=Nu—Lu is Holder continuous in
the interior of A, then u is of class C? and its second partials are Hilder continu-
ous in the interior of A.

Proof. It is clear from Definition 2.2 that u satisfies the relation f=Au— Lu
in the weak sense and has strong first partial derivatives in A. The ellipticity
of L can now be employed (see L. Nirenberg [9, Lemma 1, §4]) to show that
u has strong second partials, at least locally in A.(?) According to a result of
C. B. Morrey [8, Theorem 4.6], this suffices to prove that « satifies the asser-
tion of the lemma.

The above result has also been established by F. Browder [1], assuming
¢ to have Holder continuous first partials. The result also follows from the
cruder Hilbert space methods (see [9]) if it is assumed that the coefficients
are sufficiently smooth.

Added in proof.

LEMMA 6.4. Suppose u(x) is non-negative and has Holder continuous second
partial derivatives in a domain A. Then the second partials of u(x) vanish almost
everywhere on

Co = [x; u(x) = 0] N A.

Proof. It suffices to show that this is true for compact subsets of Co. Let
C be such a subset. Since #(x) =20 in A, each point of C is a minimum for
and hence its first partials vanish on C. Thus the Taylor’s expansion for %(x)
about an arbitrary point xo of C is of the form

u(x) = uii(H)(x — x0) (& — ),
where % is some point on the line segment joining x, and x. The second par-
tials are Holder continuous on C, say with Hélder coefficient 8, and therefore
i i § j 248
w(®) = ui(x) (@ — 20)(& — 20) + O(| x — x| ).

Since %, is a minimum of #(x), the matrix (u;;(xo)) is positive. If this matrix
is not identically zero, there is a nonempty cone inside which the form is

(® In the above cited Nirenberg lemma, it is convenient to include the cx term with f so
as not to require ¢ to be of class C.
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greater than 7' x—xo| 2 for some positive v.(*) Because of the order of the re-
mainder term it is seen that in a sufficiently small sphere about x, the func-
tion #(x) can have no zeros interior to the above cone. It follows that the
density of zeros about xo will be less than one unless the matrix (u;(xo))
vanishes. However any measurable set is of density one at all of its points
with the possible exception of a set of measure zero. As a consequence the
second partials of #(x) must vanish almost everywhere on C.

CoROLLARY. Suppose conditions Hy, Hi, Hs, H{, and H; are satisfied and
let L be the operator defined in Definition 2.2. Suppose in addition that N\Z %,
uED(L) is non-negative, and that f=Nu—Lu has bounded support and is
Holder continuous in the interior of A. Then

(6.11) f eLudx = 0,
Co

Proof. According to Lemma 6.3, the function #(x) will have Hoélder con-
tinuous second partial derivatives in A. On the set Cy defined as above, #(x)
and its first partials automatically vanish and the previous lemma shows that
the second partials vanish almost everywhere. The relation (6.11) now follows.

Proof of Theorem 2.3. To begin with let A\=1/2 and choose f=0 to be
Hélder continuous on A with bounded support. According to Theorem 2.2
there exists a non-negative # & D(L) such that \u —Lu=f. Lemma 6.1 asserts
that #EL,(4, €) so that u&D(K,) and Au—Kou=f. Applying Lemmas 6.2
and 6.4 we see that

)\f eudx =fe(Lu + fldx = c'f eudx +fefdx;
A A A A

in other words
(6.12) a=0luli= |1l

Now any real-valued function f which is Hélder continuous on & and has a
bounded support will have positive and negative parts, f; and f_, possessing
these same properties; | f[1= 1 f+[1+| f_|1. Applying the above result to f,
and f_ in turn and adding gives (6.12) for f; and again the corresponding
uED(Ko).

On the other hand for any real-valued ¥« € 9D(K,) we may set f=Au— Ku.
Since fEL1(A, )N\ Ly(A, e) we can approximate f in both L(A, €) and Ly(A, €)
by a sequence of smooth real-valued functions {f*} with bounded support.
It follows from the above development that for each f* there will exist a
urE€D(Ky) such that Aur— Kour=f" (\—¢) [ u"| 1= |f”l 1, and ()\—c’)[u"—u"|1

(9 Diagonalizing (ui; (x0)) into the form Z: 1 (%), 9> 0,1 < kB < m,let 2y = min 4%
Then inside of the cone 2.} (v% — v) () 2 v 2}, ()* we have or v ()
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=< If" —f"] 1- However by Theorem 2.2, )\I u"—ul 2 S If"—fl :and we may there-
fore conclude that us—u in Li(A, €) and hence that (6.12) holds for any real-
valued function in D(Ky).

In order to extend this result to all of D(K,) we proceed as follows. Lemma
6.1 shows that the range of (\] —K,) contains in particular all real simple
functions of bounded support. Suppose f is a complex-valued simple function,
that is, suppose

=3 o
. fe=l
where the ¢* are complex-valued and the x* are characteristic functions of dis-
joint bounded measurable sets. As above, there will exist a real-valued
wWED(Ko) such that hui—Keui=x* and (\—¢)|#¢|1=|x%|1. It is clear that
u= Y cu'€D(Ko) and \u— Kou=f. Further

A=9luhsa=-0X|e||wlis Zle| [xfi=|flr

Another limiting process, similar to the one developed in the preceding para-
graph, serves to extend (6.12) to all of D(K).

Our next extension is to the smallest closed extension of K, which we denote
by K. The usual argument using test functions shows that the closure of the
differential operator K, is a well defined operator. It is clear that (6.12) con-
tinues to hold for all # in D(K). Thus Al —K)~1! exists for all A\=1/2 and is
of norm £ (A\—¢)~L As we have already noted the range of \] — K,) contains
all simple functions and by Lemma 4.1, (A\] — K,)~! is positive. Now the range
of W\[—K) is closed with K and hence fills out L,(A, €). Moreover since the
simple functions are dense in the positive cone of L;(4, e) it follows by con-
tinuity that (A\[—K)™! is positive. Thus K is a closed linear operator with
dense domain whose resolvent exists for all A =1/2, where it is positive and of
norm = (A—¢)~L. The assertion of Theorem 2.3 now follows by virtue of the
Hille-Yosida theorem [4, Theorems 11.7.2 and 12.3.1].

If all the boundary conditions are of the ¢ >0 type, then the hypothesis
H{ in Theorem 2.3 can be replaced by H, since we can then prove the follow-
ing lemma.

LEMMA 6.5. Suppose conditions Hy, He, H,, H{, and Hj are satisfied and in
addition that o is bounded away from zero on bounded subsets of A. Let L be the
operator defined as in Definition 2.2. If \21/2, if u&D(L) is non-negative, and
if f=Au—Lu has bounded support, then

f eLudx = ¢ f eudx,
A A

where &=sup [c(x)/e(x); xEA].

Proof. Proceeding as in the proof of Lemma 6.2 we see that it suffices to
show that (see (6.9))
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lim lim ePiM¢'yrdx S ¢ f eudx.
A

y»—»wo koo A

An integration by parts leads to

f eP\ M yrdx = f (amigro® + brgrut)dS
A A
+ f [c¢'uk + b‘«t:(u:f - v‘k) + b‘ ¢:uk]dx.
A .

Now the boundary condition implies that a"v*+b"u*= — (r/o)u* on A. Fur-
ther on the support of ¢’ there is no difficulty in passing to the limit in the
second integral on the right. Hence

lim ePyM¢’y*dx < lim sup — f (v/o)p*w*dS + f c¢'udx + f b‘¢:adx.
r— o A t—w A A A

As before the last term on the right tends to zero with 1/». It remains only

to show that lim;— [3(r/0)¢"4*dS <0, in which case

lim lim eP 1 M¢*y* £ lim cp'udx < ¢ f eudx,
A

y—>wo koo A »— o A

which is the desired result.

We recall that the strong first partials of u exist and that y=(u, ;) is
approximated in Ly(A, E) by the vector-valued function (u*, %). It follows
from this that if we replace u(x) by

lim (Ze)""f u(x — x')dx’
«— o _¢<,r‘<‘

then the lim #(x’) as x’ tends to xE€A along a normal trajectory is equal to
lims %*(x), both of these limits being taken in the Li-sense on A. These facts
are readily established on writing #(x) as the integral along a normal trajec-
tory of its normal derivative. Since we have taken #(x) 20 in A, the same will
be true of its assumed values on A. Finally we note that /¢ is bounded on
bounded subsets of A and that ¢” has a bounded support. We may therefore
conclude that

lim [, (r/o)erutdS = f (r/0)¢"udS 2 0.
t—ew A A
This concludes the proof of Lemma 6.5.

Proof of the corollary to Theorm 2.3. We first show that the range of
(I —K,) fills out Li(A, e)NLy(A, €) for each A=1/2. Hence suppose that
fEL(A, e)NLy(A, e). As in the proof of Theorem 2.3 we can approximate f
by a sequence of smooth functions { f"} with bounded support which converge
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to f in both the L;(A, €) and the Ly(A, €) metrics. For each f» there will exist a
u*ED(Ko) such that Aur— Kour=f*, A=) | wr—um|, S | fr—f| 1, N ur—um|,
= | fr— f"'l 2. Consequently {u"} converges in both L;(A, ¢) and Ly(A, €) to a
function » and {K ou"} likewise converges in both L,(A, €) and Ly(A, €). Since
L is closed «€D(L) and hence by Definition 2.3 #€ED(K,). Consequently
f=Au— K which was to be shown. It now follows from a result in [7, Theo-
rem 4.2] that the smallest closed extension K, of K, considered as an operator
in L,(A, e), 1 <p <2, generates a strongly continuous semi-group of operators
[S(®)] with |S(t)| ,<exp[(2/p—1)ct]. We further note that for A=1/2 the
range of (\] —K,) is dense in the positive cone of Ly(A, €). As a consequence
(\I—K,)!is positive with (\] —K,)~! and hence the semi-group operators
S(t) are also positive.

REMARK. The present development could just as well have been carried
out on a Riemann manifold of class C2. In fact Friedrichs in [3, §7] has pre-
pared all of the necessary machinery for such a generalization.
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